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Abstract. We introduce and study a new class of representations of sur- 
face groups into Lie groups of Hermitian type, called weakly maximal rep- 
resentations. They are defined in terms of invariants in bounded cohomol- 
ogy and extend considerably the scope of maximal representations studied in 
[HIinilHlinilllllllllllttllllSlllIIS]- We prove that weakly maximal repre- 
sentations are discrete and injective and describe the structure of the Zariski 
closure of the image. An interesting feature of these representations is that 
they admit an elementary topological characterization in terms of bi-invariant 
orderings. In particular if the target group is Hermitian of tube type, the order- 
ing can be described in terms of the causal structure on the Shilov boundary. 



— Research Announcement — 
1. Introduction 

This research announcement presents results obtained by the authors during 
the last two years concerning the class of so-called weakly maximal representa- 
tions of surface groups into a Hermitian Lie group. A more detailed version of 
this note with full proofs is currently under preparation [1]. 

Given a compact oriented surface S of negative Euler characteristic, possi- 
bly with boundary, a general theme is to study the space of representations 
Hom(7ri(S), G) of the fundamental group of E into a semisimple Lie group G, 
and in particular to distinguish subsets of geometric significance, such as holo- 
nomy representations of geometric structures. Classical examples include the set 
of Fuchsian representations in Hom(7ri(E), PSL(2, M)) or the set of quasi-Fuchsian 
representations in Hom(7ri(S), PSL(2, C)), where the target group is of real rank 
one. In recent years these studies have been extended to the case where G is of 
higher rank. Prominent examples of geometrically significant subsets of represen- 
tation varieties for higher rank targets include Hitchin components [221 [131 125] , 
positive representations [15], maximal representations [121 [101 E\ [HI [23 [211 [ISl 
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El m m [16] and Anosov representations [201 ISSl HH] . Even though these subsets 
exhibit several common properties, which has lead to summarizing their study 
under the terminus higher Teichmiiller theory, they are defined and investigated 
by very different methods. 

The present article is concerned with an extension of higher Teichmiiller the- 
ory in the Hermitian context. Recall that a semisimple Lie group G is called 
Hermitian if the associated symmetric space X admits a G-invariant Kahler 
form ux- This Kahler form can be used to define a continuous function T : 
Hom(7ri(S), G) — M on the representation variety; the invariant T{p) is called 
the Toledo number of the representation p. If the surface E is closed then T is 
defined by the formula 

where / : S — )■ A" is an arbitrary p-equivariant map and p : S — > S is the universal 
covering projection. For S with boundary a modification of this definition has 
been provided in [12]. In any case, the Toledo number is subject to a Milnor- Wood 
type inequality of the form 

(1-1) ™i<ll4ll-lx(s)|, 

where G if^j,(G;M) denotes the bounded Kahler class of G, i.e. the class 
corresponding to Ux under the isomorphisms if^^(G;M) = iff(G;M) = 
and 1 1 ■ 1 1 denotes the seminorm in continuous bounded cohomology (see [12] ) . The 
class of representations p with maximal Toledo invariant T(p) = \ \ ■ \ x{^)\, or 
maximal representations for short, has been the main object of study in higher 
Teichmiiller theory with Hermitian target groups ( [T2l ITOl [8l 191 [271 [2T| [T9l flSl l6l 
[5l [H [16]). Here we propose a generalization of maximal representations, which 
preserves many of their key properties. Our starting point is the observation that 
the inequality ( II. ip can be refined into the chain of inequalities 

|T(p)|<||p*4ll-lx(s)l<ll4ll-lx(s)|. 

In particular, a representation is maximal iff it satisfies both ||p*Kjir|| = \ \ and 
^(p) = IIp*'*gII ■ Representations satisfying ||p*KgII — II'^gII called 

tight] these have been investigated in much greater generality in [TT]. Here we are 
interested in representations satisfying the complementary property (see [25]): 

Definition 1.1. A representation p : 7ri(S) — t- G is weakly maximal if it satisfies 

(1-2) T(p) = ||p*4||.|x(S)|. 

By definition a representation is maximal iff it is weakly maximal and tight. 
In the following three sections we will present results concerning 

• structure theorems describing the range, kernel and Zariski closure of 
weakly maximal representations with nonzero Toledo invariant; 
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• a geometric interpretation of weakly maximal representations of nonzero 
Toledo invariant in terms of causal structures on Shilov boundaries; 

• the relation between the space of weakly maximal representations and 
other prominent subsets of the representation variety. 

These results demonstrate that weakly maximal representations form a very 
broad and geometrically significant class of representations which still share many 
desirable structural properties with maximal representations. 

2. Structure theorems for weakly maximal representations 

Various general structure theorems for maximal representations have been es- 
tablished by three of the present authors in [12]. We show that an essential part of 
these structure theorems can be established for weakly maximal representations. 
For the proofs it is important to understand the range of the Toledo number when 
restricted to weakly maximal representations. Let us assume that the Kahler form 
Ux has been normalized to have minimal holomorphic curvature —1. With this 
normalization we then have | l^^l | | G Z, hence maximal representations have 
integral Toledo number. Moreover, if S is closed, then T(p) e e^^ ■ Z for some 
integer ec depending only on G. In particular, the range of T is finite. In strong 
contrast, if the surface is admitted to have a boundary, then T(p) can take arbi- 
trary values inside the closed interval [— It is therefore 
significant that for weakly maximal representations we can prove: 

Theorem 2.1. There is natural number ug depending only on G, such that for 
every weakly maximal representation p : '/ri(S) — t- G we have nGT{p) G Z. In 
particular, T takes only finitely many values on weakly-maximal representations. 

Theorem 12.11 plays a crucial part in establishing the following basic properties 
of weakly maximal representations of nonzero Toledo invariant: 

Theorem 2.2. Let p : vri(S) G he a weakly maximal representation and 
T{p) 7^ 0. Then p is faithful with discrete image. 

An important step in the proof of Theorem 12.21 is the realization that a repre- 
sentation p is weakly maximal iff there exists A > such that 

(2.1) = A ■ 4, 

where G HliV) is the bounded fundamental class of the surface S as intro- 
duced in [12] . By Theorem 12.11 the constant A has in fact to be rational. This 
provides severe restrictions on the kernel and range of p. 

Both Theorem 12.11 and Theorem 12.21 depend on understanding the Zariski clo- 
sure of a weakly maximal representation. Unlike for maximal representations, 
the Zariski closure of a weakly maximal representation need not be reductive. 
To overcome this difficulty, we argue as follows. We first show that for a closed 
subgroup L < G there exists a unique maximal normal subgroups of L on which 
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/^gU vanishes. This subgroup is called the Kdhler radical Rad^b (L)of L, and the 
quotient L/Rad^b (L) is automatically semisimple. While the Zariski closure of a 
weakly maximal representation can be fairly complicated, we have a rather good 
control over its quotient by its Kahler radical, provided the Toledo number is 
nonzero: 

Theorem 2.3. Let p : 7ri(S) G be weakly maximal representation with T{p) ^ 
0. Let L < G be the Zariski closure of the image of p and set H = L/Rad^b (L). 
Then 

(1) H is a semisimple Lie group of Hermitian type; all almost simple factor 
of H are of tube type. 

(2) The composition vri(S) L ^ H is faithful with discrete image. 

Remark 2.4. In the above theorems it is essential that the Toledo number is 
nonzero. However the class of weakly maximal representations with T{p) = 
is also of interest. It includes in particular the set of representations where 
= 0. In the case when G = PU(l,n) such representations have been 
studied in [7j. 

3. Geometric description of weakly maximal representations 

It turns out that techniques from [3] can be used to provide a geometric char- 
acterization of weakly maximal representations with nonzero Toledo invariant in 
terms of bi-invariant orders. To simplify the formulation we will only spell out 
the results in the case where the target group G is of tube type; this is justified 
by Theorem 12. 3[ We will also assume that G is adjoint simple. 

We now fix an adjoint simple Hermitian Lie group G of tube type and denote 
by G = G/7Ti{Gy°^ the unique central Z-extension of G. Then causal geometry 
gives rise to a bi-invariant partial order on G (see [2] for a discussion of this and 
various related bi-invariant partial orders on Lie groups). A prototypical example 
arises from the action of G = PU(1, 1) on the boundary of the Poincare disk ©; 

this action lifts to an action of the universal covering G = PU(1, 1) on M, hence 
induces a bi-invariant partial order on G by setting 

g < h ■.^'ix eR : g.x < h.x. 

In the general case one utilizes the fact that by the tube type assumption there 
exists a unique pair ±C of G-invariant causal structures on the Shilov boundary 
S of the bounded symmetric domain associated with G (see [24]). Here, by a 
causal structure C we mean a family of closed cones C T^S, and invariance 
is understood in the sense that gXx = Cgx. The causal structures ±C lift to G- 
invariant causal structures on the universal covering R of S", which in turn induce 
a pair of mutually inverse (closed) partial orders on R via causal curves. Let us 
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denote by ^ the partial order which is compatible with the orientation given by 
the Kahler class. We then obtain a bi-invariant partial order on G by setting 

g <Q h ■.^\/x e R : g.x ^ h.x. 

The dominant set G^^ (in the sense of [T^t |3]) of this bi-invariant order is given 
by the formula 

G++ ■.= {geG\^he G3n e N : >g h}, 

We provide the following simple description in terms of the causal structure: 

Theorem 3.1. If G is of tube type then 

= {g e G \ \/x e R : g.x y x}. 

We now provide an interpretation of weakly-maximal representations in terms 
of dominant sets. Let Eg „ be a compact oriented surface of genus g with n 
boundary components. We always assume that x(X')g,n < so that there exists 
a hyperbolization p : Tg ^ := 7ri(Sg „) — )■ PU(1, 1). If n > 1, then is a free 

group, hence p admits a lift p : Tg ^ — ?• PU(1, 1) whose restriction to the group 
of homologically trivial loops Ag^n '■= [^g,n,'rg,n] is unique. In particular, the 

translation number quasimorphism on PU(1, 1) pulls back to a quasimorphism 
/sg,^ on Ag^n- It turns out that this quasimorphism is independent of the choice of 
hyperbolization p; in fact it admits a topological description in terms of winding 
numbers ^3]. In the case in which n = 0, one cannot perform this construction 
on Tg^o, but one has to pass to the central extension Tg Q that corresponds to 
the generator of H^(rg^O)^) or, equivalently, can be realized as the fundamental 
group of the S'^-bundles over of Euler number one. One then obtains in the 
same way as above a canonical quasimorphism /s^o -^gfi '■~ [^g,Oy^g,o 

]. We 

emphasize that the quasimorphism /s^ „ depends on the topological surface 
not just the abstract group Tg^n- 

Theorem 3.2. Let G be an adjoint simple Hermitian Lie group of tube type and 
let G, as above. Let „ be a surface of negative Euler characteristic and 
^g,n '■= 7ri(Sg „). Then a representation p : Tg ^ — > G is weakly maximal with 
T{p) 7^ iff for the unique lift p : Ag_„ — )■ G there exists N > such that 

(3.1) /s„„(7)>iV^p(7)GG++ (7GA.,n). 

Remark 3.3. If we define a family of partial orders <Ar on Ag^.„ by 

g<^h:^ h^Jg-^h) > N, 

and a partial order on G by 

g <++ h :^ g'^h G G++ 

then the conclusion can be rephrased by saying that p is order-preserving with 
respect to some <iy and <++. 
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4. Comparison to other classes of representations 

Turning back to the general theme of studying subsets of the representation 
variety we describe basic properties of the set Hom^m(7ri(S), G) of weakly max- 
imal representations, and relate it to other geometrically meaningful subsets of 
Hom(7ri(S),G). We will denote by Hom;^(7ri(S), G) C Hom(7ri(S), G) the sub- 
set of weakly maximal representations with nonzero Toledo number. Also we 
denote by Homdi(7ri(S), G) the set of discrete and faithful representations. By 
Theorem 12.21 we have a chain of inclusions 

(4.1) Hom^,,(7ri(S), G) C Hom;„(7ri(E), G) C Homd,(7ri(S), G). 

The sets on the right [17J and on the left are closed; if dH = the left one is also 
open [12]. We are able to show: 

Theorem 4.1. The set Hom^m(7i'i(i;), G) c Hom(7ri(E), G) is closed. 

Combining this with Theorem 12.11 we then obtain: 

Corollary 4.2. The set Hom^^(7ri(S), G) c Hom(7ri(S), G) is dosed. 

Thus f l4.ip is a chain of closed subsets of the representation variety. In the 
case where E is a closed surface we can refine this chain further: It has been 
established in [H [10] that maximal representations are Shilov-Anosov in the sense 
of [201 125]. Concerning the (open) set Hom5._^„(7ri(S), G)) of all Shilov-Anosov 
representations we establish the following: 

Theorem 4.3. Assume that dT, = and that G is a Lie group of tube type. 
Then 

(4.2) Hom5_^„(7ri(S),G) C Hom^™(7ri(S), G). 

For a closed surface S and a Hermitian group G of tube type we thus end 
up with the following diagram. Here we denote by Hom*(7ri(S), G)) the set of 
representations in Home(7ri(S), G)) of nonzero Toledo number. We also denote by 
Homred(vri(S), G)) the set of representations with reductive Zariski closure and by 
HomHitchini'^ii'^) , G)) the Hitchin component in case G is locally isomorphic to 
Sp(2n, M) (and the empty set otherwise). Then we have the following inclusions: 

Hom5_^„ C Hom^„ 

U U 

RomHitchin C Hom 

max ^^^S—An Hom^^ C Hom^j 

n 

Romtight C Hom^ed 

If S is allowed to have boundary, then the relations between the various subsets 
of the representation variety is more complicated. 



WEAKLY MAXIMAL REPRESENTATIONS OF SURFACE GROUPS 



7 



REFERENCES 

[1] G. Ben Simon, M. Burger, T. Hartnick, A. lozzi, and A. Wienhard. Weakly maximal 

representations of surface groups, in preparation. 
[2] G. Ben Simon and T. Hartnick. Invariant orders on Hermitian Lie groups. J. Lie Theory, 

22(2):437-463, 2012. 

[3] G. Ben Simon and T. Hartnick. Reconstructing quasimorphisms from associated partial 
orders and a question of Polterovich. Comment. Math. Helv., 2012. to appear. 

[4] S. B. Bradlow, O. Garcia-Prada, and P. B. Gothen. Deformations of maximal representa- 
tions in Sp(4,R). Preprint, arXiv:0903.5496, 

[5] S. B. Bradlow, O. Garcia-Prada, and P. B. Gothen. Surface group representations and 
U(p, (7)-Higgs bundles. J. Differential Geom., 64(1):111-170, 2003. 

[6] S. B. Bradlow, O. Garcfa-Prada, and P. B. Gothen. Maximal surface group representations 
in isometry groups of classical Hermitian symmetric spaces. Geom. Dedicata, 122:185-213, 
2006. 

[7] M. Burger and A. lozzi. Bounded cohomology and totally real subspaces in complex hy- 
perbolic geometry. Erg. Th. Dyn. Sys., to appear. 

[8] M. Burger, A. lozzi, F. Labourie, and A. Wienhard. Maximal representations of surface 
groups: Symplectic Anosov structures. Quaterly Journal of Pure and Applied Mathematics, 
1(3):555-601, 2005. Special Issue: In Memory of Armand Borel, Part 2 of 3. 

[9] M. Burger, A. lozzi, and A. Wienhard. Higher Teichmiiller Spaces: from SL(2,R) to other 
Lie groups. To appear in Handbook of Teichmiiller theory. 
[10] M. Burger, A. lozzi, and A. Wienhard. Maximal representations and Anosov structures. 
In preparation. 

[11] M. Burger, A. lozzi, and A. Wienhard. Tight embeddings of Hermitian symmetric spaces. 
Geom. Funct. Anal. , 19(3):678-721, 2009. 

[12] M. Burger, A. lozzi, and A. Wienhard. Surface group representations with maximal Toledo 
invariant. Annals of Math., 172:517-566, 2010. 

[13] S. Choi and W. M. Goldman. Convex real projective structures on closed surfaces are 
closed. Proc. Amer. Math. Soc., 118(2):657-661, 1993. 

[14] Y. Eliashberg and L. Polterovich. Partially ordered groups and geometry of contact trans- 
formations. Geom. Funct. Anal, 10(6):1448-1476, 2000. 

[15] V. V. Fock and A. B. Goncharov. Moduli spaces of local systems and higher Teichmiiller 
theory. Publ. Math. Inst. Hautes Etudes Sci., 103:1-211, 2006. 

[16] O. Garcia-Prada, P. B. Gothen, and I. Mundet i Riera. Higgs bundles and surface group 
representations in real symplectic groups. Preprint http://lanl.arxiv.org/abs/0809.0576 

[17] W. M. Goldman and J. Millson. Local rigidity of discrete groups acting on complex hy- 
perbolic space. Invent. Math., 88:495-520, 1987. 

[18] P. B. Gothen. Components of spaces of representations and stable triples. Topology, 
40(4):823-850, 2001. 

[19] O. Guichard and A. Wienhard. Topological invariants of Anosov representations. Preprint, 

|http://lanl. arxiv.org/abs/0907. 0273, 2009. 
[20] O. Guichard and A. Wienhard. Anosov representations: Domains of discontinuity and 

apphcations. Preprint, , http://lanl.arxiv.0rg /abs/l 108. 0733, 2011. 
[21] T. Hartnick and T. Strubel. Cross ratios, translation lengths and maximal representations. 

Preprint, http://lanl.arxiv.org/abs/0908.4101, 2009. 
[22] N. J. Hitchin. Lie groups and Teichmiiller space. Topology, 31(3):449-473, 1992. 
[23] T. Huber. Ph.D. thesis. ETH Ziirich, to appear. 



8 G. BEN SIMON, M. BURGER, T. HARTNICK, A. lOZZI, AND A. WIENHARD 

[24] S. Kaneyuki. On the causal structures of the Silov boundaries of symmetric bounded 

domains. In Prospects in complex geometry (Katata and Kyoto, 1989), volume 1468 of 
Lecture Notes in Math., pages 127-159. Springer, Berlin, 1991. 
[25] F. Labourie. Anosov flows, surface groups and curves in projective space. Invent. Math., 
165(1):51-114, 2006. 

[26] A. Wienhard. Bounded cohomology and geometry. Bonner Mathematische Schriften, 368. 
Bonn, 2004. 

[27] A. Wienhard. The action of the mapping class group on maximal representations. Geom. 
Dedicata, 120:179-191, 2006. 
E-mail address: gabi.ben-simon@math.ethz.ch 

Department Mathematik, ETH Zentrum, Ramistrasse 101, CH-8092 Zurich, 
Switzerland 

E-mail address: burgerSmath . ethz . oh 

Department Mathematik, ETH Zentrum, Ramistrasse 101, CH-8092 Zurich, 
Switzerland 

E-mail address: tobias.hartnick@gmail.com 

Mathematics Department, Technion - Israel Institute of Technology, Haifa, 
32000, Israel 

E-mail address: iozzi@math.ethz.ch 

Department Mathematik, ETH Zentrum, Ramistrasse 101, CH-8092 Zurich, 
Switzerland 

E-mail address: wienhard@math.princeton.edu 

Department of Mathematics, Princeton University, Fine Hall, Washington 
Road, Princeton, NJ 08540, USA 



